We present a new formulation of the boundary element method for simulating the nonadhesive and adhesive contact between an indenter of arbitrary shape and an elastic half-space coated with an elastic layer of different material. We use the Fast Fourier Transform-based formulation of boundary element method, while the fundamental solution is determined directly in the Fourier space. Numerical tests are validated by comparison with available asymptotic analytical solutions for axisymmetric flat and spherical indenter shapes.
Introduction
Layered systems of materials having different mechanical properties have attracted a lot of scientific interest over the last decades.
1,2 A well-chosen coating can improve the structural, mechanical, optical, or thermal properties at the surface of a bulk material. Layered structure can be created by ion implantation, vacuum deposition, nanostructure burnishing, laser implantation, and other manufacturing technologies. Coatings are widely used e.g. for reducing wear, increasing corrosion resistance, controlling friction, influencing adhesion properties, or manipulating thermal. Due to the significant influence surface layers have on mechanical properties, a multitude of experimental techniques has been developed for the characterization of coatings, in particular measuring their elastic properties. 3 For the case of nonadhesive elastic contact with coated systems, theoretical solutions of various indenters have been obtained. These solutions range from the early asymptotic solution for line and circular contacts on a single layer coating on an otherwise rigid foundation, 4, 5 to the semi-analytical solution for axisymmetric contacts on a general multilayer substrate. 6 Usually the integral transform method or images method are used for achieving an analytical solution. 7, 8 The adhesive contact between a rigid sphere and an elastic multilayer coated half-space was investigated by use of an integral transform formulation and Maugis-type adhesion model. 9 Solutions for axisymmetric contacts on a single layer were found using a JKR-type (Johnson-Kendall-Roberts) adhesion model. 10 For a randomly rough surface in contact with a coated half-space only approximate analytical theory is available. 11 Numerical methods have also been intensively developed to study the contact and tribological behavior of layered materials. The finite element method (FEM) is most commonly used. It is very versatile and can be applied for various structures without the restriction of linear material behavior. In contrast to FEM, the Fast Fourier Transforms (FFT)-based boundary element method (BEM) is suitable for all problems where the elastic and geometrical behavior is linear. In part because of its much higher numerical efficiency for contact problems, the BEM evolved to be the standard method in research and development. The boundary element formulation was presented for a contact of an arbitrary shaped indenter with a homogeneous half-space. 12 Later, it was extended to include JKR-type adhesion. 13 The method was validated by available analytical solutions including parabolic contacts (classical JKR solution), toroidal indenters, 14 and flat elliptical indenters. 15 Recently, it was also applied to contacts between flat-ended indenters of complicated shape and a flat soft body. 16 The BEM was extended also to include contacts with power-law graded materials. 17 In the present paper, we propose a further generalization of BEM for the case of a coated half-space. Several numerical tests will be carried out and the results will be compared with the known analytical solutions.
FFT-based BEM for layered half-space
We consider a half-space with a single elastic coating of thickness h, elastic modulus E 1 and Poisson ratio v 1 . The corresponding elastic constants of the halfspace are E 2 and v 2 ( Figure 1 ). The origin of coordinates is placed at the surface of the layer so that the interface between two media is located at z ¼ h.
In previous versions of the BEM for contact of homogeneous and power-law graded materials, 12, 17 we proceeded from the fundamental solution in coordinate space and the corresponding integral formulation of the stress-displacement relation. This integral relation has the form of a convolution of the surface pressure distribution with the fundamental solution U 0 . This fundamental solution represents the deformation resulting from a single localized normal force. For the numerical solution of the contact problem, we consider a square region on the surface of the body with the size L Â L, discretized with N cells in each direction. The size of each of the N 2 square cells is Áx ¼ Áy ¼ Á. Pressure is assumed to be uniform in each cell (see Figure 2) .
In the discretized form, the pressure-displacement relation can be written as
where p is stress distribution acting on the surface (vector of the length N 2 with values of pressure in the corresponding discrete cells), u is the normal displacement of surface elements due to applied pressure, and K is the compliance matrix having the size N 4 . The contact problem is solved in BEM iteratively. In each step, the displacements for a given (assumed) pressure distribution are determined by evaluation of equation (1) . Because of the convolution-type integral equation and the resulting structure of matrix K, the operation is performed using direct and inverse FFT
The number of operation for performing this operation is on the order of OðN 2 logNÞ (as compared with OðN 4 Þ for direct evaluation of equation (1) . The compliance matrix K is basically a long version of the discretized fundamental solution of the problem. To be used in equation (2) , a known fundamental solution U 0 must first be Fourier-transformed. However, if the fundamental solution can be found directly in the Fourier space, this step could be omitted. In the present paper, we determine the fundamental solution for a layered system directly in the Fourier space in analytic form thus saving both one Fourier transform and memory space.
For the derivation of the fundamental solution in Fourier space, we consider a pressure distribution acting on the surface of the layer in the form of a plane wave with wave vector k and amplitude p 0
Here r is the (two-dimensional) radius vector in the contact plane. Here and further in the text non-bold symbol, k denotes the absolute values of vector, k ¼ k j j. For simplicity, without loss of generality, let us use the direction of wave vector k as the x-axis, thus e ikr ¼ e ikx and equation (3) can be simplified as Figure 1 . Scheme of the system under consideration. An elastic layer with thickness h, elastic modulus E 1 , and Poisson ratio 1 is located on top of an elastic half-space with elastic parameters E 2 and 2 . Figure 2 . Discretization of the simulation area.
In the homogeneous case, with
where E Ã is the reduced elastic modulus
In the following, we provide the corresponding solution for a layered system.
The equilibrium equation of an elastic isotropic medium reads
where v 1 is the Poisson number of the layer and v 2 that of the half-space. The displacement vector u will also have the form of a plane wave
Here e x and e z are unit vectors in directions of the wave vector and perpendicular to the contact plane correspondingly. Symbols u x , u y and u z denote projections of the displacement vector on the corresponding directions. The projection in y direction is zero, u y ¼ 0. The amplitudes u Operators appearing in equation (5) read
After substitution of these expressions into equation (5), we have the following relations
We search solution of this system in the form
Substitution of equation (12) into equations (10) and (11) gives
The systems (13) and (14) have only trivial solution if its determinant vanishes
This characteristic equation has four roots
Thus the general solution has the form
inside the coating (04z4h) and the same general form with another set of coefficients inside the halfspace (z 4 h)
The superscripts (1) and (2) indicate the coating and half-space respectively. There are 16 coefficients to be determined. Substitution of u (16)- (19) into the differential equations (10) and (11) generates
We use the following boundary conditions:
(a) Displacements of half-space at infinite depth are zero: u The first boundary condition (a) leads to
and the others lead to the system of linear algebraic equations
For the plain normal contact problem, we only need normal displacements at the contact surface. The solution of the systems (23)- (28) can be substituted into equation (16) and we obtain
where the constants A, B, C, D are given by the following expressions
For any given pressure distribution p, the vertical displacement of the surface at z ¼ 0 can now be calculated explicitly using equation (29) 
Note that the middle item in the square bracket is the function of k. For some certain k, it is constant and one can consider it as the coefficient of the term FFT(p) for the corresponding value of k. Numerically both terms are 2D matrices and the operation <Á > will then be element-wise multiplication. Similar to equation (4) , this procedure only gives results for k 6 ¼ 0, in other words, the pressure distribution must have no DC component. The usual BEM procedure reduces to performing the FFT of pressure distribution, multiplying the result with the analytical fundamental solution (equation (29)) and performing inverse FFT to find the displacement field. The inverse problem of finding pressure for producing given deformations can be solved by the conjugate graded method. 12 Conjugate graded method is a widely used numerical algorithm for solution of systems of linear equations, and it has been used in contact problems frequently. A detailed discussion of this method and its extension in contact mechanics can be found in the paper. 20 Proper preconditioning 20 allows keeping the number of iteration steps of the procedure bounded by approximately 10 independently of the complexity of contact configuration and mesh size. These two steps complete the formulation of BEM for nonadhesive contacts with layered systems. For adhesive contacts, an additional detachment criterion is needed which is discussed in the remainder of this section.
In each step of an adhesive BEM simulation, the pressure distribution is calculated in all discretized grid cells and it has to be decided whether each point remains in contact or detaches. In Pohrt and Popov 13 and Popov et al., 16 it was suggested to make the decision based on the energy balance criterion of Griffith.
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For a nonperiodic system of a homogenous elastic half-space and a rigid indenter, this leads to a local mesh-dependent detachment criterion: A surface element at the boundary of the contact loses its contact as soon as tensile stress in this element exceeds the critical value given by
Here Á is the specific work of adhesion between the indenter and substrate, and E
Á . Note that this criterion contains only elastic properties of the coating. This criterion applies also to layered systems, as long as the size Á of the discrete cell is much smaller than the thickness of the layer. Under this assumption, the elastic energy released due to the detachment of an element is completely ''confined'' in the coating, thus the detachment criterion has the same form as in the case of the homogeneous material 9, 12 with elastic properties of the coating. The calculation procedure for numerical simulation of an adhesive contact is basically the same as for nonadhesive contacts. The main difference is in the condition for the loss of contact. Instead of requiring all normal stresses to satisfy p 4 0, the condition p 4 À c is imposed. Because the adhesive solution is potentially not unique, we can only approach it from the state of full contact.
If the entire detachment process is considered, then starting from full contact, the indenter is moved upwards by a distance Ád (displacement-controlled pull off) in each step. First it is assumed that the contact area does not change, so that all displacements of contact points are augmented by Ád. In the second stage, the new stress distribution p 0 is calculated, which satisfies the new displacement field (inverse problem). In the third stage, stresses are checked in all elements at the boundary of the contact area. If the tensile stress in an element is larger than the critical value (32), this element detaches (the stress is set zero), and a reduced contact area A 0 is obtained. The stress distribution is calculated again with the new contact area and the contact criterion is checked again. This iteration procedure is continued until the tensile stress in each element is smaller than c in (32) which means that the correct contact zone and stresses have been found. Then the simulation continues with the next pull-off step.
Numerical results and comparison with analytic solutions
In recent studies, 10, 22, 23 it was shown that the solution for axis-symmetric adhesive contact problems can be deduced from the solution of the nonadhesive contact problem: The critical separation distance d c in adhesive contact is determined by the equation
where k s a ð Þ is the dependency of the incremental stiffness on the contact radius a for the nonadhesive contact problem. Let us apply this relation to the limiting case of an elastic layer bonded to a rigid substrate. The asymptotically exact result in this case with the additional condition a ) h is given by
Substitution into equation (33) provides the following critical values for the indentation depth and the pull-off force.
In the frame of the proposed BEM formulation, we can simulate this limiting case by assuming a very large ratio of E 2 =E 1 . Simulation results of the pull off of a flat cylindrical indenter are shown in Figure 3 
As expected, the forcedisplacement relation is linear up to the moment of sudden complete detachment. In the case of E 2 =E 1 ¼ 10 2 , this instability point does not match the critical values (36)F ¼ À1 andd ¼ À1. This is due to the fact that the two ratios E 2 =E 1 and a=h are of the same order of magnitude. Therefore, the asymptotic solution is not suitable for predicting the detachment. For E 2 =E 1 ¼ 10 5 , the condition for the asymptotical solution is satisfied, thus it can be used to validate the correctness of our numerical criterion. Indeed, at the point of sudden detachment, the normalized numerical values approach (À1, À1) very closely.
Indentation of a parabolic indenter
For a thin elastic layer, an asymptotically exact analytic solution exists for arbitrary indenter shapes provided the condition a ) h is satisfied. In the limiting case, E 2 ! 1, displayed in Figure 4 , the solution for a parabolic indenter reads 10, 25 
The critical values of force, separation, and contact radius are given by
j , the dependencies of the normal force on indentation depth and contact radius (37) and (38) can be written in the form
These relations are plotted with a black dashed line in Figure 5(a) and (b) . The corresponding numerical results are shown by the curve with ''plus'' symbols for the case of ¼ 15, which we will define later in equation (47), now indicating the case of a ) h. The other parameters can be found in the following discussion. Numerical and asymptotical solutions are a very close match. The small discrepancy may again be due to finite values of E 2 =E 1 and a=h used in the numerical simulation.
In the opposite limiting case of the contact radius being small compared to the thickness of the layer, analytical solutions exist in form of asymptotic series 26 in dimensionless parameter " ¼ a=h ( 1
The coefficients in equations (42) and (43) are given by
with coefficients
The dependencies (42) and (43) for F and d depend on the following adhesion parameter 24, 26 Numerically we carried out the pull-off simulation with five different adhesion parameters ranging from 0.1 to 15, where the constant parameters are set as E 1 ¼ 10 9 Pa, E 2 ¼ e 100 Pa (which means 1, corresponding to the limiting case of rigid foundation), 1 ¼ 0:3, h ¼ 2 mm, Á ¼ 100 J=m 2 and is varied by changing the radius of curvature R of the indenter. The results are shown in Figure 5 in the same dimensionless coordinates as given by equations (40) and (41). The curves for ¼ 0:1 and 0.2 corresponding to small contact radii are compared with the asymptotic relations (42) and (43) while that of large parameter are compared with the asymptotic relations (40) and (41). In both limiting cases, we see very good agreement between numerical and analytical results. For intermediate values of an interesting behavior can be observed. For example in the case of ¼ 0:5, for the small indentation depth when the contact radius is much smaller than the layer thickness a ( h, a good coincidence can be observed between numerical (triangles) and analytical results (dash-dot line). With an increasing indentation depth, the analytical solution is not valid any more. At large indentation depths, the numerical results approach the dashed line (the other limiting case a ) h) due to a large contact radius. We thus conclude that numerical results coincide with all available analytical results in region of their validity.
Instead of varying the adhesive parameter, let us now look at the influence of the elastic parameters of the foundation on the detachment process. The approximate equations (42) and (43) provide results with a high accuracy (see Figure 5) for low values of . We choose fixed values ¼ 0:1 and R % 21 mm with the other parameters identical as in the above case but at varying values of E 2 =E 1 . Results for F overd andã are shown in Figure 6 and coincide with analytical approximation very well for different values of E 2 =E 1 .
From Figure 6 it can be seen that with increasing ratio of elastic moduli E 2 =E 1 the dependencies become universal, as the limit of a very rigid halfspace is approached (see Figure 5 ). Note that in the case of E 2 =E 1 ¼ 0:05, analytical approximation (solid line) gives wrong result in the range of a large contact radius (ã 4 1:25) due to the limitation a ( h, (see upper limit of Figure 6(b) ).
Case studies of flat-ended indenters
Here we present two applications of the abovevalidated numerical method: The indentation test of a square punch on stiff coatings and the adhesive pull off of a star-shaped indenter. Both are non-axisymmetric contact problems and analytical solutions are not available.
Indentation of a square punch on hard coatings
We consider a nonadhesive contact between a square indenter with length L 0 and an elastic half space coated by a stiff layer (E 2 =E 1 5 1). We put special focus on the contact area A. For the homogeneous contact, it is known that the contact area is simply the area of the full square, A 0 . However, when we introduce a stiff coating, an interesting behavior can be observed in the indentation test. If the stiff layer is thin and the foundation is relatively soft, then the indentation leads to the loss of contact in the middle of the square (Figure 7(a) ). Because of linearity, the contact area is independent of the indentation depth. Figure 7(a) shows the dependency of A=A 0 on the ratio of E 2 =E 1 for the case of h=L 0 ¼ 0:5. It can be seen that the contact area decreases with decreasing ratio E 2 =E 1 (stiffer layer) and finally approaches a constant plateau. At the plateau, the contact zone is limited by the edges of the initial square. There is a critical value of E 2 =E 1 dividing the cases of partial and full contact, e.g. E 2 =E 1 % 0:15, for the case of the layer thickness h=L 0 ¼ 0:5. Figure 7 (b) shows that this critical value is dependent of the relative layer thickness: for a thinner layer, full contact can be achieved with a softer layer material. For a thick layer h=L 0 ¼ 0:9, the contact is always complete because the deformation occurs mainly in the layer. We also find that in the case of a very thin layer h=L 0 ¼ 0:1 another behavior can be observed: contact exists both in the center and at edges (see inset picture in Figure 7(b) ).
The described multiple contact behavior has been observed in the analytical 27, 28 and in numerical studies 29 for indentation problem of a layered medium by a rigid one-dimensional (infinite long) flat punch. It was found that the multiple contact appears only in the case of stiff layer and soft half space, and the solutions to the full contact, border contact, and border center contact depends on the material and geometrical properties, not on the indentation depth. For the complicated form of indenters (e.g., the studied case) an analytical solution is not possible, but the BEM shows that behavior is similar to that of simpler geometries.
Adhesive contact of a star-shaped indenter
The adhesive detachment of a flat indenter with odd shape from a homogeneous elastic half space has been studied in Popov et al. 16 It was found that flat indenters tend to detach at their outer edges first, in particular at sharp corners. It was also found that for most shapes Kendall's solution for the detachment of a cylindrical punch 30 applies to both force F c,homo
at the point of final detachment. In Kendall's solution a is radius of the cylinder, while for odd shapes the incircle of the shape should be chosen. In the following, we will normalize with these two quantities and also set a ¼ a incircle . We would like to exemplify the application of the above method by simulation of contacts of starshaped indenters. The force-displacement relation for the homogeneous contact can be found in Figure 8 . Similarly to Figures 5 and 6 , the forcedisplacement dependencies for the star-shaped indenter were obtained by pull-off BEM simulations. For a layered system, we set Figure 8 shows the relations for different layer thicknesses and elastic moduli of the layers. It can be seen that both the thickness of the layer and the elastic properties have strong influence on the detachment behavior. While the dependencies of adhesive force and displacement vary significantly, the evolution of the contact area is almost universal and resembles the homogenous case: The detachment begins from points which are far from the center and at sharp corners. When the contact area shrinks to the incircle of the shape, the two surfaces separate suddenly and completely. Figure 8 (b) right shows the evolution of the contact area corresponding to the six positions in all five curves.
We find that deviations from this universal evolution occur only for extreme values of the stiffness ratio. If the layer is very thin (e.g., h=a incircle ¼ 0:01) and soft, then we observe a different contact behavior shown in Figure 9 . Here the contact area at the final detachment is significantly bigger than the incircle. The softer the layer, the larger the contact area at detachment will be.
Conclusions
We generalized the BEM proposed in papers 12, 20 for normal nonadhesive and adhesive contacts of an elastic half-space coated with a layer having a different elastic modulus. It is assumed that the layer is bonded Here the evolution of the contact zone deviates from the universal behavior of moderate parameters and sudden detachment occurs at larger contact area.
to the elastic half-space and that the contact between the layer and the indenter is frictionless. The method is based on the fundamental solution of loaddisplacement of the one-layer system in the Fourier domain and is valid for linear elastic contact problems. For nonadhesive contact, it is applicable for arbitrary loading. We presented the simulation procedure of the adhesive pull off. The opposite case of approaching adhesive bodies was not considered in the present paper. With the suggested BEM formulation, we carried out simulations of adhesive contacts with cylindrical flat-ended and parabolic indenters and compared the results with available asymptotic analytic solutions. We found that numerical results coincide with all available analytical results in the regions of their validity. We displayed two sample applications of non-axisymmetric contacts-the indentation of a square punch and the pull off of a star-shaped flat-ended indenter. In both cases, nontrivial behavior has been observed.
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